Abstract. This paper studies cohomogeneity one Ricci solitons. If the isotropy representation of the principal orbit G/K consists of two inequivalent AdK -invariant irreducible summands, the existence of parameter families of non-homothetic complete steady and expanding Ricci solitons on non-trivial bundles is shown. These examples were detected numerically by Buzano-Dancer-Gallaugher-Wang. The analysis of the corresponding Ricci flat trajectories is used to reconstruct Einstein metrics of positive scalar curvature due to Böhm. The techniques also yield unifying proofs for the existence of m-quasi-Einstein metrics.
Introduction
A Riemannian manifold (M, g) is called Ricci soliton if there exists a smooth vector field X on M and a real number ε ∈ R such that
where L X g denotes the Lie derivative of the metric g with respect to X. Ricci solitons are generalisations of Einstein manifolds and will be called non-trivial if X does not vanish identically. If X is the gradient of a smooth function u : M → R then it is called a gradient Ricci soliton. It is called shrinking, steady or expanding depending on whether ε < 0, ε = 0, or ε > 0. Ricci solitons were introduced by Hamilton [Ham88] as self-similar solutions to the Ricci flow and play an important role in its singularity analysis. This paper studies the Ricci soliton equation under the assumption of a large symmetry group. For example, Lauret [Lau01] has constructed non-gradient, homogeneous expanding Ricci solitons. However, Petersen-Wylie [PW09] have shown that any homogeneous gradient Ricci soliton is rigid, i.e. it is isometric to a quotient of N × R k , where N is Einstein with Einstein constant λ and R k is equipped with the Euclidean metric and potential function λ 2 |x| 2 . Therefore it is natural to assume that the Ricci soliton is of cohomogeneity one. That is, a Lie group acts isometrically on (M, g) and the generic orbit is of codimension one. This will be the setting of this paper. A systematic investigation was initiated by DancerWang [DW11] who set up the general framework. Previous examples include the first non-trivial compact Ricci soliton due to Cao [Cao96] and Koiso [Koi90] or the examples of Feldman-Ilmanen-Knopf [FIK03] , which include the first non-compact shrinking Ricci soliton. It is worth noting that all of these examples, as well as their generalisations due to Dancer-Wang [DW11] are Kähler. In fact, all currently known non-trivial compact Ricci solitons are Kähler. Hamilton's cigar is also Kähler, whereas its higher dimensional analog, the rotationally symmetric steady Bryant soliton on R n , n > 2, is non-Kähler. By extending these examples in a series of papers and then in joint work with Buzano and Gallaugher, Dancer-Wang constructed steady and expanding Ricci solitons of multiple warped product type [DW09a] , [DW09b] , [BDGW15b] , [BDW15] . They also numerically investigated the case where the isotropy representation of the principal orbit G/K consists of two inequivalent Ad K -invariant irreducible real summands. Numerical evidence for the existence of parameter families of complete steady and expanding Ricci solitons on certain non-trivial vector bundles was found [BDGW15a] , [BDGW15b] . This paper gives a rigorous construction thereof:
Let G be a compact Lie group and K ⊂ H ⊂ G be closed subgroups such that H/K is the sphere S d 1 . Then H acts linearly on R d 1 +1 and the associated vector bundle G × H R d 1 +1 is a cohomogeneity one manifold. Examples where the Lie algebra of G/K decomposes two inequivalent Ad K -invariant irreducible real summands include the triples 
(G, H, K) = (Spin(9), Spin(8), Spin(7)).
These examples come from the Hopf fibrations, cf. [Bes87] . In the first and third case, the associated vector bundle is diffeomorphic to HP m+1 \ { point } and CaP 2 \ { point } , respectively. The main theorem is the following: Theorem 1.1. On CaP 2 \ { point } , HP m+1 \ { point } for m ≥ 1 and on the vector bundle associated to (G, H, K) = (Sp(1)×Sp(m+1), Sp(1)×Sp(1)×Sp(m), Sp(1)×Sp(m)) for m ≥ 3, there exist a 1-parameter family of non-homothetic complete steady and a 2-parameter family of non-homothetic complete expanding Ricci solitons.
Ricci flat metrics and Einstein metrics of negative scalar curvature were constructed on these spaces by Böhm [Böh99] , in the same dimension range.
An important step in the proof is to apply a suitable coordinate change which realises the Ricci soliton metrics as trajectories in the phase space of an ordinary differential equation. In fact, the Einstein metrics simply correspond to a different locus in the phase space. Within the dimension restrictions, a Lyapunov function provides sufficient control on the trajectories to ensure completeness of the metric. This goes back to an idea of Böhm in the Einstein case [Böh98] . The analysis partially carries over to the case of complex line bundles over Fano Kähler Einstein manifolds. In theorem 3.15, parameter families of complete steady and expanding Ricci solitons are constructed on the corresponding total spaces.
A key feature of the ODE is that it allows good control on the trajectories close to the singular orbit. This can be applied to reconstruct Einstein metrics of positive scalar curvature on low dimensional spheres and other low dimensional spaces due to Böhm [Böh98] . It turns out that the analysis of the Ricci flat trajectories, which is rather simple in the chosen coordinate system, yields the desired results together with a general counting principle. However, the general strategy of Böhm's construction remains unchanged.
Moreover, in the case m = 1 the associated vector bundles of both families in (2) admit explicit Ricci flat metrics. These are in fact of special holonomy G 2 and Spin(7), respectively, and were discovered earlier in [BS89] and [GPP90] . However, it is worth noting that these metrics correspond to linear trajectories in phase space.
The techniques in this paper also apply if the Bakry-Émery tensor Ric + Hess u is replaced with the more general version Ric − Hess u − 1 m du ⊗ du. For any m ∈ (0, ∞] this leads to the notion of m-quasi-Einstein metrics, i.e. Riemannian manifolds which satisfy the curvature condition Ric + Hess u − 1 m du ⊗ du + ε 2 g = 0 for a smooth function u and a constant ε ∈ R. These metrics play an important role in the study of Einstein warped products, cf. [Cas12] or [HPW15] and references therein. The initial value problem for cohomogeneity one m-quasi-Einstein manifolds will be discussed Then there is an r − 1 parameter family of non-trivial, non-homothetic, complete, smooth Bakry-Émery flat m-quasi-Einstein metrics and an r parameter family of nontrivial, non-homothetic, complete, smooth m-quasi-Einstein metrics with quasi-Einstein constant
Structure. Section 2 reviews the Ricci soliton equation on a manifold of cohomogeneity one and recalls some structure theorems. Section 3 focuses on the two summands case and theorem 1.1 is proven. Long time analysis of the Einstein and Ricci soliton trajectories as well as applications to Böhm's Einstein metrics of positive scalar curvature follow in sections 3.3 and 3.4. Theory for the Bakry-Émery tensor Ric + Hess u − 1 m du ⊗ du and the proof of theorem 1.2 are discussed in section 4.
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The cohomogeneity one Ricci soliton equation
2.1. The general set up. The general framework for cohomogeneity one Ricci solitons has been set up by Dancer-Wang [DW11] : Let (M, g) be a Riemannian manifold and let G be a compact connected Lie group which acts isometrically on (M, g). The action is of cohomogeneity one if the orbit space M/G is one-dimensional. In this case, choose a unit speed geodesic γ : I → M that intersects all principal orbits perpendicularly. Let K = G γ(t) denote the principal isotropy group. Then Φ : I ×G/K → M 0 , (t, gK) → g·γ(t) is a G-equivariant diffeomorphism onto an open dense subset M 0 of M and the pullback metric is of the form Φ * g = dt 2 + g t , where g t is a 1-parameter family of metrics on the principal orbit P = G/K. Let N = Φ * ( ∂ ∂t ) be a unit normal vector field and let L t = ∇N be the shape operator of the hypersurface Φ({t} × P ). Via Φ, L t can be regarded as a oneparameter family of G-equivariant, g t -symmetric endomorphisms of T P which satisfieṡ g t = 2g t L t . Similarly, let Ric t be the Ricci curvature corresponding to g t . Then [EW00] the Ricci curvature of the cohomogeneity one manifold (M, g) is given by
where X, Y ∈ T P, δ ∇ t : T * P ⊗T P → T P is the codifferential, and L t is regarded as a T Pvalued 1-form on T P. Dancer-Wang observed that, since G is compact, any cohomogeneity one Ricci soliton induces a Ricci soliton with a G-invariant vector field. Hence, in the case of a gradient Ricci soliton, the potential function can be assumed to be G-invariant.
The gradient Ricci soliton equation Ric + Hess u + ε 2 g = 0 then takes the form
where and r t = g t • Ric t is the Ricci endomorphism, i.e. g t (r t (X), Y ) = Ric t (X, Y ) for all X, Y ∈ T P. Conversely, the above system induces a gradient Ricci soliton on I × P provided the metric g t is defined viaġ t = 2g t L t . The special case of constant u recovers the cohomogeneity one Einstein equations.
It is an immediate consequence of (4) that the mean curvature with respect to the volume element e −u dV ol g is a Lyapunov function if ε ≤ 0.
Proposition 2.1. Suppose that ε ≤ 0. Then the generalised mean curvature −u+ tr(L) is monotonically decreasing along the flow of the cohomogeneity one Ricci soliton equation.
If the soliton metric is at least C 3 regular, then the conservation law (6)ü + (−u + tr(L))u = C + εu has to be satisfied for some constant C ∈ R. Using the equations (4) and (5) it can be reformulated as
Since the the scalar curvature R of the cohomogeneity one Riemannian manifold (
it is easy to see that (7) is just the cohomogeneity one version of Hamilton's [Ham95] general identity R + |∇u| 2 + εu = c for gradient Ricci solitons. This also gives the scalar curvature in terms of the potential function:
2.2. Metrics with a singular orbit. From now on assume that there is a singular orbit at t = 0. That is, the orbit at t = 0 is of dimension strictly less then the dimension of the principal orbit. Then γ(0) is contained in the singular orbit and H = G γ(0) is defined to be its isotropy group. It goes back to an idea of Back's [Bac86] , see also [EW00] , that in the presence of a singular orbit, equation (5) implies (3) automatically, provided [DW11] that the metric is at least C 2 regular and the soliton potential is of class C 3 . Moreover, if in this case the conservation law (6) is satisfied, then [DW11] equation (4) holds as well. Conversely, any trajectory of the Ricci soliton equations (4), (5) that describes a C 3 -regular metric with a singular orbit has to satisfy the conservation law (7). Buzano [Buz11] has considered the initial value problem for cohomogeneity one Ricci solitons. Extending Eschenburg-Wang's work [EW00] in the Einstein case, under a simplifying, technical assumption, the initial value problem can be solved close to singular orbit regardless of the soliton being shrinking, steady or expanding. However, solutions are not necessarily unique. For a precise statement, see theorem 4.5.
The existence of a singular orbit at t = 0 imposes the smoothness conditionu(0) = 0 on the potential function u. Notice also that without loss of generality u(0) = 0 can be assumed, as the Ricci soliton equation is invariant under changing the potential by an additive constant. If d 1 denotes the dimension of the collapsing sphere at the singular orbit, recall that the trace of the shape operator grows like tr(L) = 
The existence of a singular orbit already has consequences for the behaviour of the potential function. The following proposition was proven in [BDW15] [Propositions 2.3 and 2.4] and [BDGW15b] [Proposition 1.11], respectively. It should be emphasized that the properties hold along the flow of the Ricci soliton trajectories and completeness of the metric is not required. Proposition 2.2. Along any Ricci soliton trajectory with ε ≥ 0 and C < 0, that corresponds to a cohomogeneity one manifold of dimension n + 1 with a singular orbit at t = 0, the potential function u is strictly negative, strictly decreasing and strictly concave for t > 0. In particular,
−u+tr(L) < 1 holds for t > 0. Furthermore, in the steady case, ε = 0, there holds tr(L) ≤ n t for t > 0.
Remark 2.3. The quantity
−u+tr(L) will appear frequently in later calculations. It is useful to note that it satisfies the differential equation
In particular, in the steady case, it is monotonically decreasing as long as −u + tr(L) > 0. This is always true if the metric corresponds to a complete steady Ricci soliton. In this case, proposition 2.4 below shows that
−u+tr(L) → 0 as t → ∞. 2.3. Consequences of completeness. If the trajectories correspond to a non-trivial complete Ricci soliton metric, further restrictions on the asymptotics of the potential function and the metric are known.
In the steady case, according to a result of Chen [Che09] , the ambient scalar curvature of steady Ricci solitons satisfies R ≥ 0 with equality if and only if the metric is Ricci flat. Then (8) implies that C ≤ 0 is a necessary for completeness and C = 0 precisely corresponds to the Ricci flat case. Munteanu-Sesum [MS13] have shown that non-trivial complete steady Ricci solitons have at least linear volume growth and Buzano-DancerWang used this to show the following, see [BDW15] [Proposition 2.4 and Corollary 2.6]:
Proposition 2.4. Along the trajectories of a non-trivial complete steady cohomogeneity one Ricci soliton of dimension n + 1 with a singular orbit at t = 0 and integrability constant C < 0 the following hold:
(
In the case of expanding Ricci solitons, a similar result of Chen's [Che09] implies that the scalar curvature R of a non-trivial, complete expanding Ricci soliton satisfies R > − ε 2 (n+1). It follows from (8) that 0 ≥ −u 2 > C+εu holds on any complete expanding Ricci soliton. The smoothness conditionu(0) = 0 at the singular orbit therefore requires C < 0 as a necessary condition to construct non-trivial, complete expanding Ricci solitons. Conversely, Einstein metrics with negative scalar curvature correspond to trajectories with C = 0. Once the Ricci soliton is shown to be actually complete, it follows [BDGW15b] that any non-trivial gradient expanding Ricci soliton has at least logarithmic volume growth. This has consequences for the asymptotic behaviour of the soliton: There exists constants a 0 , a 1 > 0 and a time t 0 > 0 such that for all t > t 0 (10) | tr(L)(t)| < n 2 ε and −u(t) > a 1 t + a 0
i.e. −u growths at least linearly for t large enough.
2.4. The Böhm functional. Böhm [Böh99] has introduced a functional F 0 to study Einstein manifolds of cohomogeneity one. Subsequently it was considered by Dancer-Wang and their collaborators Buzano, Gallaugher and Hall in the context of cohomogeneity one Ricci solitons [BDW15] , [BDGW15b] , [DHW13] . The significance of the functional is that it becomes monotonic under very general circumstances. To define it, let v(t) = √ det g t denote the relative volume of the principal orbits and let
n tr(L)I denote the trace-less part of the shape operator. Then the Böhm functional is given by
Proposition 2.5 ( [DHW13] ). Along a C 3 -regular gradient Ricci soliton trajectory, the Böhm functional satisfies
Remark 2.6. The C 3 -regularity condition garantees that the conservation law (6) i.e. of strictly less dimension then G/K. Choose a bi-invariant metric b on G which induces the metric of constant curvature 1 on H/K. The two summands case assumes that the space of G-invariant metrics on the principal orbit is two dimensional: Let g = k ⊕ p be an Ad(K)-invariant decomposition of the Lie algebra of G and suppose furthermore that Lie algebra p of P further decomposes into two inequivalent, b-orthogonal, irreducible K-modules, p = p 1 ⊕ p 2 . Then in fact p 1 is the tangent space to the sphere H/K and p 2 is the tangent space of the singular orbit Q = G/H. Moreover, away from the singular orbit Q, the metric can thus be described as
where g S = b |p 1 and g Q = b |p 2 are the metrics on the collapsing sphere and the singular orbit, respectively. The potential function of the associated Ricci soliton will be assumed to be invariant under the action of G as well, i.e. u = u(t). Then the smoothness conditions for the metric and potential function at the singular orbit become, cf. [Buz11] : f 1 (0) = 0,ḟ 1 (0) = 1 and f 2 (0) =f ,ḟ 2 (0) = 0 and u(0) =ū,u(0) = 0, wheref = 0 andū ∈ R. Since the Ricci soliton equation is invariant under changing the potential function by an additive constant, u(0) = 0 will be assumed from now on.
Notice that the shape operator of the principal orbit is given by
It follows from the theory of Riemannian submersions and the O'Neill calculus that the Ricci endomorphism is given by (14)
In this context the appearing constants are defined as follows: d 1 is the dimension of the collapsing sphere and d 2 is the dimension of the singular orbit. Then principal orbit has Fix the background metric g P = g S + g Q on the principal orbit P and let ∇ g P be the corresponding Levi-Civita connection. Furthermore, suppose that H 1 , . . . , H d 2 is an orthonormal basis of horizontal vector fields with respect to the Riemannian submersion
, where (·) |v denotes the projection onto the tangent space of the fibers S d 1 , is the norm of an O'Neill tensor associated to the above Riemannian submersion.
Warped product metrics with two homogeneous summands provide examples with ||A|| = 0. Examples with ||A|| > 0 are given by non-trivial disc bundles which are associated to the following group diagrams. These are induced by the Hopf fibrations [Bes87] :
3.2. Qualitative Analysis of the two summands ODE. The Ricci soliton equations for the two summands system can be read off from the discussion in section 3.1 and equations (4) and (5). However, the equations become singular at the singular orbit. Therefore, a rescaling will be introduced which smooths the Ricci soliton equation close to the initial value. It was effectively used by Dancer-Wang [DW09b] and is motivated by Ivey's work [Ive93] . Under the coordinate change
d dt the cohomogeneity one Ricci soliton equations reduce to the following ODE system:
Here and in the following, the d ds derivative is denoted by a prime ′ . On the other hand, the d dt derivative will always correspond to a dot˙. To establish some basic properties of this ODE system, it will be enough to assume that d 1 , d 2 > 0, A 1 , A 2 > 0 and A 3 ≥ 0. However, in the main body of the paper d 1 > 1 and A 1 , A 2 , A 3 > 0 will be assumed.
Remark 3.1. (a) This is also the set-up for Böhm's work on Einstein manifolds with positive scalar curvature [Böh98] . In fact, some key ideas carry over to the Ricci soliton case. However, Böhm considered different coordinate changes to analyse the trajectories.
(b) The case A 3 = 0 is already well understood from works on multiple warped products [DW09a] , [DW09b] , [BDGW15b] and [BDW15] .
(c) The case d 1 = 1 is somewhat special as it implies A 1 = 0 in geometric applications. The Cao-Koiso soliton or the examples of Feldman-Ilmanen-Knopf belong to this class. The key difference is that despite A 3 > 0, explicit solutions to Ricci soliton equation can be derived, see also [DW11] or [WW98] . 
The smoothness conditions for the metric and the potential function now correspond to the stationary point
Observe that the ODE system is invariant under the symmetry Y 2 → −Y 2 . It follows from the ODEs for Y i that hence Y i > 0 can be assumed.
The conservation law (7) becomes
Consider ε ≥ 0 and recall that C ≤ 0 is a necessary condition to obtain trajectories that correspond to complete expanding or steady Ricci solitons and that C = 0 is the Einstein case. Due to proposition 2.2, along any such trajectory the inequality C + εu ≤ 0 holds, which is strict in the non-Einstein case and as u(0) = 0 is assumed, the conditions C < 0 and C + εu < 0 are equivalent. Furthermore, it follows from the definition of X 1 and X 2 and proposition 2.2 again, that they satisfy the relation d 1 X 1 + d 2 X 2 ≤ 1. Equality occurs at the initial critical point and then Einstein trajectories lie in the locus (17) C = 0 and
whereas trajectories of complete non-trivial Ricci solitons with u(0) = 0 are contained in the locus (18) C < 0 and
Conversely, trajectories in these loci correspond to Einstein metrics and non-trivial Ricci solitons.
In fact, it can be calculated directly from the ODE system that
and this shows that the loci (17) and (18) are preserved by the flow if ε ≥ 0.
The linearisation of the Ricci soliton ODE at the initial stationary point (15) is given by 
The corresponding eigenvalues are hence
, and both
appear twice. In particular, the critical point is hyperbolic if d 1 > 1. The corresponding eigenspaces are given by E 2
and notice that the stationary point (15) lies on the set {S 1 = 0} ∩ {S 2 = 0} . Moreover, {S 1 = 0} is a submanifold of R 5 if Y 1 = 0 and its tangent space at (15) 
Similarly, {S 2 = 0} is a submanifold with tangent space sp
According to the above discussion, trajectories corresponding to Einstein metrics need to remain in {S 1 = 0} ∩ {S 2 = 0} and trajectories corresponding to complete non-trivial Ricci solitons have to flow into the set {S 1 < 0} ∩ {S 2 < 0} . Notice however that if ε = 0 the ODE for L decouples. Hence, the soliton system effectively reduces to a system in X i , Y i for i = 1, 2. Counting trajectories in the unstable manifold of (15), with respect to the possibly reduced system, then gives the following result. It is in agreement with the initial value problem theory for cohomogeneity one Ricci solitons [Buz11] and Einstein metrics [EW00] .
Proposition 3.3. Suppose that d 1 > 1. If ε = 0, then there exists a 1-parameter family of Einstein metrics and a 2-parameter family of non-trivial Ricci soliton metrics corresponding to trajectories lying in the unstable manifold of (15).
If ε = 0, then the unstable manifold of (15) with respect to the reduced two summands ODE in X 1 , X 2 and Y 1 , Y 2 contains a unique trajectory lying in the Einstein locus and a 1-parameter family of trajectories lying in the strict Ricci soliton locus. These give rise to an (up to scaling) unique Ricci flat metric and a 1-parameter family of Ricci Solitons whose potential functions satisfy u(0) = 0.
Notice that time, metric and soliton potential can be recovered from the ODE via
The following lemma shows a basic property of the Ricci soliton ODE in the two summands case. In the following, trajectories emanating from (15) will be parametrised so that the critical point corresponds to s = −∞.
Lemma 3.4. Let ε ≥ 0 and C ≤ 0. Along any trajectory that emanates from the critical point (15) and satisfies the conservation law (16) there holds X 1 > 0 for all finite s and X 2 is positive for sufficiently negative s. Moreover, suppose there is s 0 ∈ R such that
Proof. Recall that any trajectory of X 1 emanates from 1/d 1 > 0. So X 1 is positive initially. If there is an s ∈ R such that X 1 (s) = 0, then X ′ 1 (s) > 0. By continuity, X ′ 1 > 0 already holds for very small values of X 1 .
The conservation law (16) implies that
> 0 for sufficiently negative times. If X 2 (s 0 ) < 0 in this region, then the ODE
If the last statement is not true, then there exist s * < s * such that X 2 < 0 on (s * , s * ) and
Then it follows that
Similarly, the second condition gives the opposite inequality at s * . Therefore
for some ξ ∈ (s * , s * ). On the other hand, observe that d ds
Therefore X 2 (ξ) < 0, ε ≥ 0 and s * < s * imply
A contradiction.
Remark 3.5. It turns out, the possibility that X 2 might become negative is the only obstruction against long time existence. However, if A 3 = 0, this case cannot occur and the conservation law (16) shows that X 1 , X 2 and Y 1 , Y 2 remain bounded and, except in the Ricci flat case, L is bounded too. Completeness of the metric then follows as in propositions 3.9 and 3.11 below. Geometrically, the case A 3 = 0 corresponds to the doubly warped product situation, cf. [DW09b] , [DW09a] .
If A 3 > 0, the following strategy to show that X 2 remains positive under the algebraic condition (19) goes back to Böhm [Böh98] .
Then along the trajectories of the two summands Ricci soliton ODE there holds
Non-zero roots of G are of the form
In particular, there exist two positive roots 0 <ω 1 <ω 2 if and only if
Moreover, in this case,ω 2 1 <
is preserved by the flow of the Ricci Soliton ODE along trajectories emanating from (15).
Proof. The ODE for X 2 shows that it remains positive if
, it suffices to show that ω <ω 1 if X 2 > 0. To this end, consider the function
which was introduced by Böhm in the Einstein case [Böh98] . On the set X 2 > 0 it is a Lyapunov function since = ω =ω 1 . However, K is non-increasing and strictly decreasing close to (15). This completes the proof.
Remark 3.7. In the case d 1 = 1 the argument of proposition 3.6 doesn't work as well because the first term of K is positive at s = −∞. Nonetheless it is geometrically relevant because it describes Ricci soliton trajectories corresponding to manifolds foliated by principal circle-bundles over a Fano Kähler-Einstein manifold. The Kähler Ricci soliton examples of Cao-Koiso [Cao96] , [Koi90] and Feldman-Ilmanen-Knopf [FIK03] were constructed in this case. More details will be discussed in section 3.2.1 = 0. Hence proposition 3.6 applies and X 2 remains positive along the flow. As X 1 > 0, it follows from 0 ≤ d 1 X 1 + d 2 X 2 ≤ 1 that X 1 and X 2 remain bounded along the flow. Then the ODE for L implies that L cannot blow up in finite time as ε ≥ 0. By the same argument, this also holds for Y 1 , Y 2 .
Alternatively, it follows from the bound
. The conservation law then shows that
2 εL 2 ≤ 1 and all variables remain bounded. By introducing the new variable ω =
, the Ricci soliton equation can be viewed as an ODE system with polynomial right hand side. Since ω <ω 1 is bounded, standard ODE theory implies that the flow exists for all times.
In order to prove that the corresponding metrics are complete, it suffices to show that t max = ∞. Recall from the coordinate change that
Therefore it is necessary to estimate the asymptotic behaviour of L. This needs to be considered for both cases separately.
Proposition 3.9. Suppose that d 1 > 1 and D > 0. Then the corresponding steady Ricci soliton and Ricci flat metrics are complete.
Proof. A special feature of the case ε = 0 is that
is in fact a Lyapunov function. As L becomes positive initially and is therefore monotonically increasing, it is bounded away from zero for s ≥ s 0 and any s 0 ∈ R. Then the time rescaling (21) shows that t → ∞ as s → ∞, i.e. the metrics are complete.
The case of expanding Ricci soliton and Einstein metrics with negative scalar curvature corresponds to ε > 0. It will turn out to be sufficient to have an upper bound on L to be able to prove completeness of the metric.
In particular, L(s) is bounded away from zero for all s ≥ s 0 .
2 L is monotonically increasing whenever it is less then 1 n .
Corollary 3.11. Suppose that d 1 > 1 and D > 0. Then the corresponding expanding Ricci soliton and negative scalar curvature Einstein metrics are complete.
Proof. Suppose for contradiction that t max < ∞. By (21) this is equivalent to saying that
Since L is positive and is bounded from above by some constant c > 0, in fact
3.2.1. Ricci solitons from circle bundles. The two summands case allows the possibility d 1 = 1 where examples of Kähler Ricci solitons have been found by Cao-Koiso [Cao96] , [Koi90] and Feldman-Ilmanen-Knopf [FIK03] . These examples are constructed on manifolds foliated by principal circle-bundles over a Fano Kähler-Einstein manifold (V, J, g).
The precise geometric set up is as follows: Due to a theorem of Kobayashi [Kob61] any Fano manifold V is simply connected and hence H 2 (V i , Z) is torsion free. Therefore the first Chern class is c 1 (V, J) = pρ for a positive integer p and an indivisible class ρ ∈ H 2 (V, Z). Suppose that the Ricci curvature of (V, g) is normalised to be Ric = pg. If π : P → V is the principal circle-bundle with Euler class qπ * ρ for a non-zero integer q ∈ Z \ {0} and θ the principal S 1 -connection with curvature form Ω = qπ * η, where η is the Kähler form associated to g, then the Ricci soliton equation on I × P corresponding to the metric
is described by the two summands system with
4 . Notice also that the structure of the ODE has changed since A 1 = 0. If the smoothness conditions (15) are satisfied, this construction induces a smooth metric on the corresponding complex line bundle over V.
Trajectories whose curvature tensor is invariant under the complex structure were considered by Dancer-Wang [DW11] in the pure soliton case and Wang-Wang [WW98] in the Einstein case. This condition is equivalent to saying that
The Kähler condition is the special case where both terms are identically zero and is preserved by the flow. In the Kähler case the equations can actually be integrated explicitly. In order to investigate non-Kähler trajectories, the Ricci soliton ODE will be studied qualitatively as before. However, the condition d 1 = 1 requires a modification of proposition 3.6. To this end, notice that in the S 1 -bundle case there holds 1 2
and that
satisfies lim s→−∞ K(s) = 0 and is monotonic if X 1 < 1. Since X 1 remains positive along the flow and soliton trajectories lie in the locus X 1 + d 2 X 2 ≤ 1, the condition X 1 < 1 is implied by X 2 > 0. The function is preserved by the flow.
Completeness of the metric for steady and expanding Ricci solitons can then be established as in propositions 3.9 and 3.11. can only be a maximum and that X 2 remains positive along the flow.
Observe that the initial stationary point (15) 
is a 2-parameter family trajectories lying in both the unstable manifold of (15) and the Ricci soliton locus (18). Hence they give rise to complete Ricci soliton metrics on the total spaces of the corresponding complex line bundles over Fano Kähler-Einstein manifolds.
3.3. Asympotics. The asymptotics of the ODE system are different for different choices of ε ≥ 0 and C ≤ 0. Therefore each case will be examined separately. (
Proof: The first statement follows directly from general theory about complete steady Ricci solitons, see proposition 2.4.
For the proof of the second statement, recall that along trajectories of non-trivial steady Ricci solitons
is monotonically decreasing according to (9) and in fact tends to zero as t → ∞ in the complete case according to proposition 2.4. But completeness has already been established and hence t → ∞ if and only if s → ∞. Since X 1 , X 2 > 0, it follows that X 1 , X 2 → 0 as s → ∞.
Recall from corollary 3.8 that the variables X 1 , X 2 and Y 1 , Y 2 remain bounded along the flow. Since 
n as X 1 , X 2 > 0 and hence the asymptotics of the system are necessarily different from the Ricci soliton situation. In order to describe the asymptotic behaviour of the Ricci flat trajectories, the notion of a cone solution will be introduced. The name originates from the fact that these parameters describe canonical Einstein metrics with a cone singularity at the singular orbit, see section 3.4.1 for more details. 
are called cone solutions.
Remark 3.18. If A 3 > 0, the cone solutions take the explicit form
Clearly, for certain configurations of the parameters, the cone solutions are complex. However, if X 2 remains positive along the flow, proposition 3.20 below shows that nY i tends to a cone solution. As the real Ricci soliton ODE system cannot develop complex solutions, it follows that if the cone solutions defined by the parameters d 1 , d 2 , A 1 , A 2 , A 3 are complex, X 2 becomes negative and in fact the solution to the ODE system blows up in finite time.
Suppose that there are two cone solutions. For a cone solution (c 1 , c 2 ), letĈ = c 1 c 2 . Then the orderingĈ 1 <Ĉ 2 defines the first and second cone solution. In particular, if D > 0 there exist two cone solutions and it is easy to check thatĈ 1 <ω 1 <Ĉ 2 <ω 2 holds in this case. This was also observed by Böhm [Böh98] . 
2 , which is in fact the inverse of Böhm's Lyapunov (11) in the X-Y -coordinates. Its derivative is given by
and hence it is non-decreasing and bounded. Thus, it converges to a finite positive limit as s → ∞. This also shows that Y 1 , Y 2 are bounded away from zero as s → ∞. Standard ODE theory now implies that the ω-limit Ω of the flow of X 1 , X 2 , Y 1 , Y 2 is non-empty, compact, connected and flow invariant. As G is monotonic and bounded, it must be constant on Ω. But since d 1 X 1 + d 2 X 2 = 1 there holds G ′ = 0 if and only if X 1 = X 2 = 1 n . Moreover, this yields
on the ω-limit set. In particular the pair (nY 1 , nY 2 ) satisfies the equations (23) → c i for i = 1, 2, as t, and then also s, tends to infinity. The metric is therefore approximately quadratic at infinity. Since L → ∞ as s → ∞, the mean curvature of the principal orbit tends to zero as t → ∞.
Explicit trajectories and rotational behaviour.
It is special feature of the Ricci flat equation that it reduces to a planar system for the variables X 1 , Y 1 as the variable L decouples completely. More generally, in the Einstein case there holds
and the conservation law then determines Y 2 in terms of X 1 , Y 1 and εL 2 . Explicitly, it is given by
Initially, Y 2 is given by the solution corresponding to '−' as lim s→−∞ Y 2 = 0. holds along the flow and so only the '−' solution is realised by the flow in this case. Therefore consider the ODE system
In the Ricci flat case ε = 0 this yields indeed a 2-dimensional system for X 1 and Y 1 . Moreover, one has L(s) = L(s 0 ) exp
Remark 3.21. Notice that the system may develop complex solutions, in other words, the flow stops once it reaches the boundary of the domain of definition of the right hand side. This is an actual possibility as the cone solution are complex for certain choices of the parameters. Numerical simulations show that the above ODE system indeed realises these complex cone solutions in the limit. In this case, however, the solution is not equivalent to the original real system anymore.
Recall that one expects (X 1 , Y 1 ) → ( 
The eigenvalues are the solutions to the quadratic equation
and it is therefore easy to deduce:
Corollary 3.22. The limiting point of the Ricci flat trajectories is a stable spiral if and only if
in particular if A 3 = 0 this is equivalent to 2 ≤ n ≤ 8. Otherwise, it is a stable node.
The case A 3 = 0 will be particularly important for applications to Böhm's Einstein metrics of positive curvature. In fact, in his construction, Böhm necessarily considered a system with the same qualitative behaviour [Böh98] .
The reduction to the planar (X 1 , Y 1 )-system can also be used to describe explicit trajectories. The key idea is to introduce polar coordinates centred at ( General theory of cohomogeneity one expanding Ricci solitons also yields that the quantity EL 2 = C+εu (−u+tr(L)) 2 remains bounded along the flow. Then the conservation law shows that εuL 2 → −1 as s → ∞.
3.3.5. Einstein metrics with negative scalar curvature.
Proposition 3.26. Suppose that d 1 > 1, D > 0, ε > 0 and C = 0. The asymptotic behaviour of the trajectories of complete Einstein metrics with negative scalar curvature is given by
Proof. Consider Böhm's Lyapunov function F 0 = v 2 n tr(r t ) + tr((L (0) ) 2 ) which was introduced in (11). In the current coordinate system it follows that
n holds in the Einstein locus as 2 i=1 d i X i = 1 and X 1 , X 2 > 0. Furthermore, according to (12), F 0 is non-increasing and its derivative is given by
As in the proof of corollary 3.8, introduce the variable ω =
in order to view the Ricci soliton equation as an ODE with polynomial right hand side. Furthermore, all variables remain bounded along the flow and hence the ω-limit set Ω is non-empty, connected, compact and flow-invariant. Notice also that the Böhm functional F 0 takes a finite value on Ω.
Recall from lemma 3.10 that L(s) is bounded away from zero for s ≥ 0. As the quotients
L X i , they are monotonically decreasing and hence converge as s → ∞. Moreover, the quotients are well-defined on Ω. Therefore their derivatives vanish, which implies Y i · X i = 0 on Ω. But X 1 ≡ 0 is impossible on Ω since L > 0 and the ω-limit set is flow invariant. This implies 0 < Y 2 <ω 1 Y 1 → 0 and Y 2 2 /Y 1 → 0 as s → ∞. However, for F 0 to be finite on Ω, this forces
n , which is only possible for
Therefore X 1 is constant on Ω and then also L due to the ODE for X 1 . Finally, the ODE for L itself then shows that ε 2 L 2 = 1 n on Ω, which proves the claim.
3.4. Böhm's Einstein metrics of positive scalar curvature. In this section, the construction of Einstein metrics with positive scalar curvature on spheres and other low dimensional spaces due to Böhm [Böh98] will be revisited. The key simplification is proposition 3.28 below. It is based on the observation that the coordinate system used in the previous sections allows good control of the trajectories as the volume of the singular orbit tends to zero. In fact, the limit trajectory turns out to satisfy the Ricci flat system, which was analysed in section 3.3.2. Nonetheless, the general strategy of the construction due to Böhm remains the same. After recalling the general set up, convergence to cone solutions will be proven in section 3.4.1. The application of a general counting argument will yield the result in section 3.4.2. Böhm's Einstein metrics on low dimensional spheres will be described in section 3.4.3.
Recall from (13) that the metric is given by
away from the singular orbits. It follows from the results of Eschenburg-Wang [EW00] that there exists a unique one parameter family cf (t) = (f 1 ,ḟ 1 , f 2 ,ḟ 2 )(t) of solutions to the Einstein equations (4), (5) with initial condition cf (0) = (0, 1,f , 0) for anyf > 0. Moreover, Böhm observed that it depends continuously on the initial conditionf > 0. However, the equations are a priori not well defined iff = 0. This singular condition corresponds geometrically to the collapse of the full principal orbit.
Observe that the volume V of the principal orbit satisfies
, where tr(L) is the mean curvature. Along trajectories corresponding to Einstein metrics with positive scalar curvature, every critical of V is a maximum or a singular orbit is attained. Therefore, if the maximal volume orbit exists, it is unique and characterised by tr(L) = 0.
If A 3 = 0, the maximal volume orbit always exists [Böh98] [section 4, (e)]. An alternative argument is discussed below, mainly to introduce another coordinate system, which extends past the maximal volume orbit.
Lemma 3.27. Suppose that A 3 = 0 and ε < 0, then any trajectory has a maximal volume orbit.
Proof. In analogy to the previous sections, introduce the variables
In fact, these differ from the previous variables only by the factor 1 −u+tr(L) which was introduced to obtain a smoothing at the singular orbit. In the Einstein case, clearly there holds −u ≡ 0. In the above variables, the Einstein equations become the following ODE system
Notice that the time slice has not been rescaled. The conservation law takes the form
and notice also that
These two equations describe the rescaled Einstein locus (17). If A 3 = 0, then the above system is an ODE with polynomial system right hand side. In particular, a solution can only develop a finite time singularity if the norm of ( X i , Y i , L) blows up. However, the conservation law (26) shows that this can only be the case if L blows up. At the first singular orbit, i.e. at time t = 0, one has L = +∞ and L is strictly decreasing for all t > 0 as ε < 0. Hence, the finite time singularity corresponds to L = −∞ and in particular there exists a time with tr(L) = L = 0, the maximal volume orbit.
3.4.1. Convergence to cone solutions. To describe the behaviour of the Einstein equations as the volume of the singular orbit tends to zero, the following observation is key: In the (X i , Y i , L)-coordinate system of the previous sections, the initial condition (0, 1,f , 0) of the trajectory cf corresponds to the stationary point (15), which is independent off . Furthermore, the initial conditionf of the scaling function f 2 of the singular orbit can be recovered viaf = lim s→−∞ L Y 2 . In particular,f = 0 is the limit of trajectories with L ≡ 0. However, the two coordinate systems are only equivalent along trajectories with L > 0. Nonetheless, due to the continuous dependence on the initial condition, any such trajectory can hence be viewed as a continuous limit of Einstein, or more generally Ricci soliton, trajectories. Hence, the collapsef → 0 is described in the rescaled system by the solutions to the steady Ricci soliton or Ricci flat equations! In the Einstein case, the limiting process asf → 0 can be described even more explicitly. This recovers a result of Böhm [Böh98] [Theorem 5.7], which is central to the construction. Form now on, consider the normalisation ε 2 ∈ {−n, 0, n} .
Then there are canonical singular solutions to the Einstein equations, called cone solutions, given by for i = 1, 2. Notice that this is in fact the value at t = 0 of all the cone solutions. Therefore it will also be called the base point of the cone solution.
If ε ≥ 0, notice as in the proof of proposition 3.26 the variables X i , Y i are bounded and moreover the Böhm functional F 0 is bounded from below, non-increasing and has a critical point on the cone solution. In fact, any Einstein trajectory that takes a constant value on F 0 is a cone solution and F 0 = n(n − 1)c
. However, since A 3 = 0, the cone solution is unique and hence is the minimum.
If ε = −n, then (11) implies that F 0 achieves its minimum along a trajectory cf on the maximal volume orbit. On any maximal volume orbit the coordinates (25) satisfy
and the conservation law (26) then implies that the variables
has a minimum on the maximal volume orbit, which is achieved by the value of cone solution.
However, F 0 is constant on the cone solution and since the solution cf approaches the base point of the cone solution asf → 0, the claim follows.
Remark 3.29. (a) The simplifying assumption A 3 = 0 can be relaxed. For the geometric examples in 3.19, one can calculate directly that the first cone solution realises the minimum. So the exact same proof works if D > 0 and ε ≥ 0 due to proposition 3.6.
(b) The behaviour of the Böhm functional close to cone solutions was studied in a more general context in [Böh99] . In particular it is a local attractor close to stable cones.
(c) In the original proof, Böhm [Böh98] uses a different coordinate system, which still enables him to find the limit trajectory and observes that it can be considered in a compact planar domain. To prove convergence to the base point of the cone solution, non-trivial closed trajectories are ruled out and then the Poincaré-Bendixon theorem is applied.
The stability of the first cone solution for d 1 > 1 and D > 0 is then established via the attractor function (20), but considered in the coordinates (25), since these are defined along the whole cone solution, except at the conical singularities.
3.4.2. Symmetric solutions. Recall that trajectories cf = (f 1 ,ḟ 1 , f 2 ,ḟ 2 ) of the Einstein equations with initial condition cf (0) = (0, 1,f , 0) are considered. By requiring the existence off ′ , τ > 0 such that cf (τ ) = (0, −1,f ′ , 0) one closes the cohomogeneity one manifold with the same singular orbit. Any such solution withf =f ′ is called symmetric. In fact, cf is symmetric if and only if there exists t 0 > 0 such that cf
Recall that if the maximal volume orbit exists, it is unique and determined by the condition tr(L) = 0. In particular, symmetric solutions are characterised by the conditioṅ f 1 =ḟ 2 = 0 on the maximal volume orbit. Notice that in this case reflection along normal geodesics of the maximal volume orbit becomes an isometry, i.e. if cf satisfies f 1 (t 0 ), f 2 (t 0 ) > 0 andḟ 1 (t 0 ) =ḟ 2 (t 0 ) = 0 at some t 0 > 0, theñ
is a smooth, symmetric solution to the Einstein equations. Explicit examples of cohomogeneity one manifolds that arise from this construction include products S d 1 +1 × Q, where Q = G/H is a compact connected isotropy irreducible homogeneous space, or connected sums such as HP m+1 #HP m+1 , F m+1 #F m+1 and CaP 2 #CaP 2 . Notice that the products satisfy A 3 = 0 whereas the connected sums have A 3 > 0. In order to have A 2 > 0, one needs to assume that Q is not a torus. The following observation is key for the construction. Notice that the function ω =
). Hence, any symmetric solution is characterised by a critical point of ω on the maximal volume orbit. The non-degeneracy of the critical points of ω allows the application of the following general counting principal.
Lemma 3.31. Let Tf , εf be continuous, positive functions of the real parameterf . Suppose that cf : [0, Tf + εf ) → R n is a family of C 1 -maps which depends continuously onf and ω ∈ C 1 a real valued map such that any critical point of ω = ω • cf is non-degenerate andω(0) > 0 for allf .
Let C(f ) = C(f , Tf ) denote the number of critical points of ω along c f before Tf . Fix f 1 <f 2 . Then the following statements hold:
(2) Iff * is the unique value off ∈ [f 1 ,f 2 ] withω(Tf ) = 0, then
In particular, for anyf Proof. Normalise the Ricci curvautre of the singular orbit to be Ric Q = d 2 − 1, then the metric of the round sphere (f 1 , f 2 )(t) = (sin(t), cos(t)) induces a solution to the Einstein equations without any critical points of ω before the maximal volume orbit.
According to lemma 3.31, it suffices to show that there are trajectories with an arbitrarily high number of critical points of ω before the maximal volume orbit. Recall that the maximal volume orbit of a trajectory is achieved exactly when tr(L) = 0. In the variables of section 3.2 that corresponds to the blow up time of L. In particular, critical points of ω which are detected by the rescaled system happen to be before the maximal volume orbit. Recall that ω ′ = ω (X 1 − X 2 ) and every critical point in these rescaled variables also corresponds to a critical point of ω in the original time frame t. Since the Einstein trajectories lie in the subvariety d 1 X 1 + d 2 X 2 = 1, critical points occur if and only if X 1 = 1 n . Recall that by proposition 3.20 the trajectory of the Ricci flat system satisfies X i → 1 n and Y i → 1 c i n where (c 1 , c 2 ) denotes the first cone solutions. Moreover, observe that the Ricci flat system is realised by solutions to the two summands system for any value of ε ∈ R by the trajectory with L ≡ 0, as ε and L only occur in the combination ε 2 L 2 . However, as explained in section 3.4.1, the limit L ≡ 0 exactly corresponds to a smoothing of the trajectory cf in the limitf = 0. Due to the continuous dependence of the solution on the initial condition, for any ε ∈ R andf > 0 small enough, the solution to the two summands system approaches the base point of the first cone solution along a trajectory which is C 0 -close to the Ricci flat trajectory γ RF with L ≡ 0, and then remains close to the actual cone solution in the sense of proposition 3.28.
The dimension assumption and corollary 3.22 imply that the projection of the Ricci flat trajectory γ RF onto the (X 1 , Y 1 )-plane rotates infinitely often around the stationary point ( A direct computation of curvatures shows that the metrics are inhomogeneous and non-isometric, cf. [Böh98] [section 6].
As an explicit application, theorem 3.33 recovers Böhm's Einstein metrics on low dimensional spaces. Remark 3.35. By considering the linearisation of the Einstein equations along the cone solutions, Böhm was also able to construct a symmetric cohomogeneity one Einstein metric on HP 2 #HP 2 .
3.4.3. Böhm's Einstein metrics on low dimensional spheres. It is also possible to close the cohomogeneity one manifold with a different singular orbit. These solutions correspond to trajectories cf with cf (0) = (0, 1,f , 0) and cf (τ ) = (f ′ , 0, 0, −1) for somef ,f ′ , τ > 0. This applies in particular to doubly warped product metrics on spheres which are induced by the action of SO(d 1 + 1) × SO(d 2 + 1). The convergence theory from the previous sections then applies to give Böhm's inhomogeneous Einstein metrics on S 5 , . . . , S 9 .
For the rest of the section, fix A 3 = 0 and normalise Ricci curvature of the singular orbit to be Ric
) holds for i = 1, 2. As before, the trajectory cf will always correspond to an Einstein metric on a tubular neighbourhood of a singular orbit of dimension d 1 and principal orbit of dimension n = d 1 + d 2 .
As in section 3.4.1, the limitf → 0 can be described in the (X i , Y i , L) coordinates by the trajectory corresponding to L ≡ 0, which satisfies the Ricci flat equations. Under the dimension assumptions d 1 > 1 and 2 ≤ n ≤ 8, the base point ( ) of the cone solution is a stable spiral due to corollary 3.22. As in the proof of theorem 3.33, it follows from the continuous dependence on the initial value, that also cf , forf > 0 small enough, exhibits a rotational behaviour as it approaches the base point at t = 0 of the first cone solution γ. Proposition 3.28 then says that given any compact set K ⊂⊂ (0, π), the trajectory cf remains C 0 -close to γ on K iff > 0 is small enough. In fact, cf obeys a rotational behaviour in every slice around the cone solution asf → 0. To make this precise, notice that the variables ( X 1 , Y 1 , L) form a local coordinate system along the Einstein trajectories away from the singular orbits. For example the first cone solution has coordinates (cot(t), 1 c 1 sin(t) , n cot(t)). One should think of L as the time variable. For any fixed value L there is a radius r > 0 such that for allf > 0 sufficiently small, the trajectory cf intersects the disc of radius r > 0 in the ( X 1 , Y 1 , L)-plane P L in a unique point. Asf > 0 varies, the intersection points describe a continuous curve in this disc.
Proposition 3.36. In any coordinate slice P L , the intersection points of cf with a disc around the first cone solution γ in P L exhibit the same rotational behaviour asf → 0.
This follows from the general counting principal 3.31 applied to the time Tf when cf intersects the disc, the observation that C(cf , Tf ) → ∞ asf → 0, and the following lemma:
Lemma 3.37. Along any trajectory cf , critical points of ω occur if and only
at any maximum and Y 1 (ω) < Y 1 (γ) at any minimum, where γ is the first cone solution.
Proof. The first statement follows fromω = ω( X 1 − X 2 ) and
Y 2 2 holds at any critical point of ω. However, asω =ω = 0 only occurs on the cone solution, the claim follows. 
and is a smooth solution to the Einstein equation as required. Smoothness indeed follows from uniqueness of solutions to ODEs with fixed initial conditions, sincecf ,F clearly solve the Einstein equations on both intervals. In particular, any such pair (f , F ) induces an Einstein metric g(f , F ) on S n+1 .
Remark 3.39. A direct curvature computation shows that the metrics are indeed inhomogeneous. Moreover, if the metrics g(f , F ) and g(f ′ , F ′ ) on S n+1 are isometric, it follows thatf =f 
This proves:
Corollary 3.40 ( [Böh98] , Theorem 3.6). On S 5 and S 6 there exists one, on S 7 and S 8 there exist two, and on S 9 there exist three infinite families of non-isometric, strictly cohomogeneity one Einstein metrics of positive scalar curvature.
Quasi-Einstein Metrics
4.1. Introduction. In the study of smooth metric measure spaces, the Bakry-Emery tensor Ric + Hess u − 1 m du ⊗ du plays an important role, see [Cas12] for an introduction.
It also naturally appears in the context of warped product Einstein manifolds and has led to the notion of m-quasi-Einstein metrics or (λ, n+m)-Einstein metrics in the terminology of He-Petersen-Wylie, cf. [HPW15] :
The sum m + n is called effective dimension and This point of view on Einstein warped products was successfully used by Case-ShuWei [CSW11] to show that any compact Kähler m-quasi Einstein metric for m < ∞ is Einstein. However, recall that all known non-trivial compact Ricci solitons are Kähler.
Hall [Hal13] has constructed m-quasi-Einstein metrics on the total space of complex vector bundles associated to certain S 1 -principal bundles over products of Fano Kähler-Einstein manifolds. The case of a single base factor was essentially covered by Lü-PagePope [LPP04] . Remarkably the Lü-Page-Pope metrics are conformally Kähler and the associated Kähler class is a multiple of the first Chern class as shown by Batat-HallJizany-Murphy [BHJM15] . 4.2. Cohomegeneity one quasi-Einstein metrics. From a technical point of view, to develop a theory for cohomogeneity one manifolds in the m-quasi-Einstein setting, a new regularity result at the singular orbit is needed. However, the work of Buzano [Buz11] carries over (essentially) without changes. Indeed, in the context of cohomogeneity manifolds, the quasi-Einstein equations become
The new − 1 mu 2 term is of lower order and simply disappears in the error terms that occur in Buzano's proof. The strategy of the proof is to construct a formal power series solution and then a general theorem of Malgrange [Mal74] guarantees the existence of a genuine solution. Alternatively, a Picard iteration argument can be applied as in [EW00] . In particular the regularity theory is absolutely the same and the following theorem holds:
Theorem 4.5. Let G be a compact Lie group acting isometrically on a connected Riemannian manifold ( M ,ĝ) and suppose there exists a singular orbit Q = G/H. Choose q ∈ M such that Q = G · q and denote by V = T q M /T q Q the normal space of Q at q. Then H acts linearly and orthogonally on V and a tubular neighbourhood of Q may be identified with its normal bundle E = G × H V. The principal orbits are P = G/K = G · v for any v ∈ V \ {0} . These can be identified with the sphere bundle of E (with respect to an H-invariant scalar product on V ). Let g = h ⊕ p − be a decomposition of the Lie algebra of G where p − is an Ad H -invariant complement of h = Lie(H).
Assume that V and p − have no irreducible common factors as K-representations. Then for any given m ∈ (0, ∞], any G-invariant metric g Q on Q and any shape operator
Remark 4.6. The additional assumption that V and p − have no irreducible common factors as K-representations is primarily a technical simplification. As Eschenburg-Wang [EW00] remark, it is natural in the context of the Kalzua-Klein construction.
The analysis of the two summands system for Ricci solitons carries over to the mquasi-Einstein setting without many changes. The key point is to introduce new variables
−u+tr(L) . Geometrically one should think of these variables as induced by the 'virtual' warping function e −2u/m of the associated Einstein metric. After redefining A = d 2 ||A|| 2 and setting d 3 = m, A 3 = d 3 λ 3 , the conservation law takes the form
This determines λ 3 and conversely a choice of λ 3 fixes the conservation law (and the Ricci curvature on the added factor). Then the m-quasi-Einstein two summands ODE becomes
where the conservation law was used to determine the ODE for X 3 . Conversely, solutions to the above ODE preserve the conservation law. The smoothness condition for the metric and potential function again correspond to the critical point X 1 = Y 1 = Theorem 4.7. Let (M, g) be a non-compact cohomogeneity one manifold whose isotropy representation decomposes into two inequivalent summands of real dimensions at least 2 and suppose that D > 0, compare (19).
For any m ∈ (0, ∞], there exists a one parameter family of Bakry-Emery flat m-quasiEinstein metrics and a two parameter family of m-quasi-Einstein metrics with quasiEinstein constant ε 2 > 0 on M. Each family consists of non-trivial, non-homothetic, complete, smooth m-quasi-Einstein metrics.
Moreover, there exists a Ricci flat metric and a one parameter family of Einstein metrics with negative scalar curvature on M .
The Einstein trajectories were described earlier by Böhm [Böh99] . The case A = 0 corresponds to the geometric situation of a triply warped product, which, in the Ricci soliton case, is a special case of the results in [DW09b] , [DW09a] . In analogy to the previous sections, consider the coordinate change
, for i = 1, . . . , r,
, if m ∈ (0, ∞),
If m ∈ (0, ∞), let d r+1 = m and note that by definition r+1 i=1 d i X i = 1. Then the conservation law (28) requires that there is a constant λ r+1 ∈ R such that (30)
Using the conservation law in the calculation of the ODE for X r+1 , the quasi-Einstein equations are equivalent to the ODE system
This is exactly the ODE for a multiple warped product Ricci soliton system but for r + 1 factors, instead of r. In this sense, the case m = ∞ is included in the discussion. Dancer-Wang [DW09b] , [DW09a] studied the system along trajectories of non-trivial Ricci solitons. (However, in the expanding case, a slightly different approach was used to control the trajectories.)
Either by referring to the conservation laws for m-quasi-Einstein metrics and Ricci solitons, or by a direct calculation, it is clear that the loci j=1 d j X 2 j dτ, which shows that L cannot blow up in finite time. However, as the ODE is governed by a polynomial right hand side, any finite time singularity s max < ∞ requires the norm of the variables to blow up as s → s max . This is impossible and therefore the flow exists for all times.
Similarly, if d 1 = 1, then λ 1 = 0 and the variable Y 1 is not controlled by the above loci anymore. However, Y 1 can also be integrated explicitly and therefore, by the same argument, the flow exists for all times again. In both cases, completeness of the metric follows as in proposition 3.9 and corollary 3.11.
The smoothness conditions for the metric correspond to the stationary point An analysis similar to proposition 3.3 then shows existence of parameter families of trajectories lying in both the unstable manifold of the critical point and the above loci. Notice that it is a hyperbolic critical point if d 1 > 1 and there is a one dimensional center manifold if d 1 = 1. 
